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Abstract—The newly emerging intelligent reflecting surface
(IRS) with large-scale passive reflecting elements has great poten-
tials to enhance the performance of wireless-powered Internet of
Things (IoT) networks, by manipulating the wireless channel.
However, most of the existing works considered the ideal reflec-
tion of IRS elements with independent amplitude and phase shift.
In this article, an IRS-assisted wireless-powered multiuser multi-
input–multi-output network is considered, taking into account
the practical coupling effect between the reflecting amplitude and
the phase shift. Then, an uplink sum-rate maximization problem
is investigated by jointly designing the active beamforming of
multiple antennas, the passive beamforming of the IRS, and the
time allocation ratio. Due to the tightly coupled optimization
variables, the formulated problem is nonconvex. To effectively
solve this problem, we decompose it into three subproblems,
i.e., the active beamforming, the downlink passive beamforming,
and the uplink passive beamforming. For the active beamform-
ing design, access point’s optimal downlink energy beamforming
matrix is proved to be rank-one, and IoT users’ optimal uplink
information covariance matrices are derived in semi-closed forms.
For the downlink passive beamforming design, a low-complexity
algorithm based on the successive convex approximation and
the penalty function method is proposed. For the uplink pas-
sive beamforming design, the multiuser problem is equivalently
transformed into a virtual single-user problem, which is solved
via an iterative algorithm. Numerical results show that, in com-
parison with algorithms without IRS, our proposed algorithm
can significantly improve the uplink sum rate up to 50% when
the number of passive elements is 100.

Index Terms—Intelligent reflecting surface (IRS)-assisted, joint
active and passive beamforming, practical phase shift, wireless
channel configuration.
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I. INTRODUCTION

W ITH the rapid development of the smart home and the
intelligent city, a new era of Internet of Things (IoT) is

flourishing. It has been reported that the number of all types
of IoT devices is expected to grow from 6.1 billion in 2018 to
14.7 billion by 2023 [1]. To provide ubiquitous high-quality
communications for the massive intelligent IoT devices, mas-
sive connectivity and huge data rate are considered as two
major drivers for the fifth generation (5G) and beyond. Up
to now, IoT devices have been widely applied in various ver-
tical industries, such as health monitoring, building structure
sensing, traffic surveillance, and so on. Generally, these IoT
devices are powered by embedded batteries, which need to be
periodically replaced to prolong the lifetime. However, in some
typical scenarios, such as toxic environmental monitoring and
embedded monitoring for the health conditions of human bod-
ies, it is impossible or inconvenient to replace the battery,
resulting in limited lifetime.

As a promising solution, wireless energy harvesting (EH)
enables devices to scavenge the energy from radio frequency
(RF) signals sent by the dedicated energy access point (AP).
Since the RF electromagnetic wave can concurrently carry the
information and the energy, simultaneous wireless information
and power transfer (SWIPT) has been widely investigated to
characterize the tradeoff between the spectrum efficiency and
the EH efficiency [2], [3], [4]. Another related research area is
wireless-powered communication networks (WPCNs), where
energy-constrained IoT devices are first powered by the AP
via downlink and then report their collected data to the AP
via uplink by using the harvested energy as the transmission
power [5], [6], [7]. Recently, Xiaomi Corporation pronounced
that its Mi Air Charge Technology can remotely charge a
single phone within several meters, which is realized by a
multi-input–multi-output (MIMO) setup with 144 transmitter
antennas and 14 receiver antennas [8]. This product exhibition
shows the huge potential to apply the large-scale MIMO tech-
nology [9] in wireless EH. Although large-scale antenna arrays
can significantly improve the EH efficiency leveraging on the
beamforming gain, the hardware cost of massive antennas is
extremely expensive for widespread practical applications.

Fortunately, intelligent reflecting surface (IRS), best known
for its cost effective and easy deployment, has been put for-
ward to combat the wireless channel attenuation and enhance
both the information transfer and the EH [10]. Specifically, an
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IRS consists of large-scale controllable and low-cost passive
elements with each element constituted by a printed dipole and
phase shifter. By appropriately adjusting the reflected ampli-
tude and phase shift of each element, referred to as passive
beamforming, incident signals can be artificially reflected to
desired directions [11]. With such an IRS deployed on the
wall, the wireless propagation environment can be reshaped
artificially to achieve favorable communication performance.
Compared with the traditional active beamforming/relaying,
the passive beamforming of IRS without the signal amplifi-
cation and regeneration consumes lower hardware cost and
energy. Due to these compelling benefits, lots of IRS-related
research works have been carried out to enlarge the communi-
cation coverage [12], maximize the network throughput [13],
[14] or improve the amount of harvested energy [15].

A. Prior Related Works

The existing IRS-related works regarding EH include IRS-
assisted SWIPT networks and IRS-assisted WPCNs. In typical
IRS-assisted SWIPT networks, one AP concurrently serves
multiple information decoding (ID) users and EH users via
the same RF signals, where IRSs are deployed to optimize the
wireless channel. By jointly optimizing the active beamform-
ing of AP and the passive beamforming of IRS, the harvested
energy maximization problem and the sum-rate maximization
problem were, respectively, investigated in [15] and [16].
In [17], the joint active and passive beamforming was designed
to reduce the transmission power with the personalized Quality
of Service (QoS) guarantee of both ID and EH users. Different
from [15], [16], and [17], a more general nonlinear EH model
was considered in IRS-assisted SWIPT networks and the max-
min energy efficiency problem was investigated subject to
users’ individual QoS constraints [18]. All the above works
demonstrated that with the help of low-cost IRS, the system
performance can be significantly improved, especially in the
scenario with weak direct link.

In IRS-assisted WPCNs, a harvest-then-transmit proto-
col [19] was adopted where energy-constrained users first
harvest the RF energy sent by a hybrid AP and then upload
their information to the AP by using the harvested energy
for the transmission power. Meanwhile, the IRS is deployed
to enhance the EH in the downlink and improve the system
performance in the uplink. Assuming that both AP and users
are equipped with a single antenna, Chu et al. [20] considered
that users report their information to AP in a time-division
multiple access (TDMA) manner and investigated the joint
passive beamforming and time slot allocation problem to
maximize the network throughput. To boost the spectrum
efficiency, the IRS-assisted WPCN with full-duplex AP was
investigated in [21] to maximize the network throughput.
Instead of the network throughput, the mean-squared error
(MSE) minimization problem was studied in the IRS-aided
wireless-powered AirComp network, where the signal super-
position in the multiaccess uplink channel was integrated as
part of the computation [22]. A further extension was made
in [23] by considering an AP with multiple antennas, and the
weighted sum-rate maximization problem was investigated by

jointly optimizing the passive beamforming of IRS and the
active beamforming of AP.

B. Our Contributions

Although quite a few works have been done in IRS-assisted
WPCNs, most of the prior works considered the scenario
where the wireless-powered IoT user is equipped with a sin-
gle antenna. With the miniaturization and integration of the
antenna technology, it is possible to equip IoT devices with
several antennas [24]. Due to multiple mutually interfered
and coupled information flows, existing works on single-
antenna IoT users cannot be directly extended to the multiuser
MIMO case. Furthermore, although IRS-assisted WPCNs with
imperfections have been investigated in the literature, such as
beamforming design with imperfect channel state information
(CSI) [25] or discrete phase shift [26], all these works con-
sidered the ideal phase shift of each IRS element, where
the full signal reflecting amplitude and the phase shift are
configured independently. In practice, however, there exists a
coupling effect between the amplitude response and the phase
shift [27], [28]. To fully exploit the potential advantages of
multiple active antennas and the large-scale passive antenna
array of IRS in practice, in this article, we consider an IRS-
aided wireless-powered multiuser MIMO network with the
practical phase shift model and investigate the uplink sum-rate
maximization problem via the joint optimization of active and
passive beamforming. The main contributions are summarized
as follows.

1) Different from conventional works on WPCNs without
IRS or IRS-assisted WPCNs with single-antenna users
and ideal phase shifters, this article considers a gen-
eral IRS-assisted wireless-powered multiuser MIMO IoT
network with the practical phase shift model, where the
realistic phase-dependent reflecting amplitude is mod-
eled. The harvest-then-transmit protocol is adopted and
each time slot is divided into the downlink energy
transfer phase and the uplink data report phase. To
understand the potential benefits brought by the multiple
active antennas of the transceiver and the large-scale
passive antenna array of the IRS, an uplink sum-rate
maximization problem is formulated based on the chan-
nel reciprocity and the acquired CSI, jointly optimizing
the time allocation between the downlink and the uplink
phase, the active beamforming matrix of AP, active
covariance matrices of IoT users, and passive beam-
forming matrices of the IRS for the downlink and the
uplink.

2) Due to the tightly coupled optimization variables and
the nonconvex relationship between the reflecting ampli-
tude and phase shift in each IRS element, the formu-
lated problem is a complicated nonconvex problem. To
effectively handle this problem, the original problem
is decomposed into three subproblems, i.e., the active
beamforming problem, the downlink passive beam-
forming problem, and the uplink passive beamforming
problem, and solved via optimizing these subproblems
alternatively. As the downlink passive beamforming
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problem and the uplink passive beamforming problem
are mutually independent, these two subproblems can
be optimized in parallel.

3) For the active beamforming problem, with the
Lagrangian method, the optimal rank-one form of AP’s
downlink energy beamforming matrix and the optimal
semi-closed form of each user’s uplink information
covariance matrix are obtained. For the downlink pas-
sive beamforming problem, the formulated feasibility
check problem is converted into an optimization problem
and solved by a proposed low-complexity algorithm
based on the successive convex approximation (SCA)
and the penalty function method. For the uplink passive
beamforming problem, the multiuser uplink sum-rate
maximization problem is equivalently transformed into
a virtual single-user rate maximization problem, which
can be solved via an iterative algorithm.

4) Extensive numerical results show that IRS with appro-
priate wireless channel configuration brings remarkable
advantage in the considered wireless-powered multiuser
MIMO network. The proposed joint active and pas-
sive beamforming design can enlarge the uplink sum
rate up to 50% compared with the scheme without
IRS. Furthermore, it is shown that the better network
performance is achieved when the IRS is deployed near
the AP or IoT users, which provides a guideline to the
practical deployment of the IRS.

The remainder of this article is organized as follows.
Section II presents the system model and formulates an uplink
sum-rate maximization problem. In Section III, we propose a
joint active and passive beamforming design algorithm to iter-
atively solve the original problem. Extensive numerical results
are given in Section IV. Finally, Section V concludes this
article.

Notation: Bold lowercase and uppercase letters, respec-
tively, denote column vector and matrix. The superscript GH is
the (Hermitian) conjugate transpose of G. � is the Hadamard
product. Re{x} is the real part of complex number x and [x]+a
means x ≥ a.

II. SYSTEM MODEL AND PROBLEM FORMULATION

A. System Model

As illustrated in Fig. 1, we consider an IRS-assisted IoT
network with one M-antenna AP, one IRS, and K multiple-
antenna IoT users. The index set of these IoT users is denoted
as K = {1, . . . ,K}. IoT user k is equipped with Nk

1 anten-
nas and the total number of antennas of all the IoT users is
N = ∑K

k=1 Nk. As IoT users are energy-limited, the considered
IoT network operates with a harvest-then-transmit protocol. In
particular, IoT users first harvest the RF energy sent by the AP,
then report their sensing data to the AP using the harvested
energy as the transmission power. To facilitate the EH in the
downlink and boost the network capacity in the uplink, one
IRS consisting of L passive reflecting elements is deployed

1The setting of multiple antennas at IoT users is to enhance the EH. To
achieve a tradeoff among the EH efficiency, the circuit power consumption,
and the cost of IoT users, Nk is set as 2 in the simulation.

Fig. 1. IRS-assisted wireless-powered multiuser MIMO network.

in the network. By adjusting the phase shift of each pas-
sive reflecting element, the IRS has the ability to configure
the wireless channel and reflect the RF signal to the desired
direction.

Denote by T the time duration of each harvest-then-transmit
slot. The time slot is divided into two parts: (1 − τ)T for the
downlink energy transfer and τT for the uplink data report,
where τ is the ratio of data report duration to the whole time
slot. Without loss of generality, the time slot T is normalized
to be 1 in this article. In the considered scenario, a quasi-static
block-fading channel model is adopted, where all channel
coefficients almost remain the same in each time slot and inde-
pendently change from one slot to another. Furthermore, it is
assumed that the channel reciprocity holds in our considered
IRS-assisted time-division duplex (TDD) systems, which was
demonstrated in [29] via practical experiments.

For the CSI acquisition, the direct link between AP and IoT
users can be estimated via traditional channel estimation (CE)
schemes. Although the CE of IRS-related links is a challenging
problem due to the passive nature of the IRS, various effec-
tive schemes have been proposed [30]. One workable scheme
is installing some dedicated sensing devices with low-power
receive RF chains in IRS [31]. With this semi-passive IRS,
the channels from the AP/users to the IRS can be separately
estimated at these sensing devices based on the pilots sent by
the AP/users, and then transmitted to AP via the dedicated
control link between AP and IRS. The reverse CSI from the
IRS to the AP/users can be acquired by exploiting the channel
reciprocity. During the CE, IoT users just transmit a few pilots
in the uplink with extremely low power consumption and the
energy-consuming CE method is implemented in the AP. In
addition, to enhance the EH, IoT users are deployed near the
AP or IRS and the signal-to-noise ratio is usually high, which
also contributes to the CSI acquisition.

With the acquired CSI, this article mainly characterizes the
theoretical performance boundary of IRS-assisted wireless-
powered IoT networks. In the following, detailed models in
the downlink energy transfer phase and the uplink data report
phase are, respectively, given.

1) Downlink Energy Transfer Phase: In the downlink, the
AP powers all IoT users via the active transmit beamform-
ing of AP and the passive reflect beamforming of IRS.
The downlink energy signal for IoT user k is denoted as
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sd,k, which independently follows arbitrary distribution with
E(|sd,k|2) = 1. Then, the transmitted energy signal sent by
AP is expressed as

xd =
K∑

k=1

wksd,k (1)

where wk ∈ C
M×1 is the active transmit beam for IoT user k.

With the assistance of the IRS, the wireless channel in the
considered scenario consists of both the direct AP–user link
and the indirect AP–IRS–user link (i.e., IRS-assisted link). Let
HH

a,k ∈ C
Nk×M , HH

a,r ∈ C
L×M , and HH

r,k ∈ C
Nk×L denote the

equivalent baseband channel matrices from AP to IoT user k,
from AP to IRS, and from IRS to IoT user k, respectively.
In the IRS-assisted link, by jointly adjusting the phase shift
and/or amplitude of L reflecting elements embedded in IRS,
the incident signal can be scattered to the desired direction
with controllable power strength. Define f d = [fd,1, . . . , fd,L]T

with fd,l = βd,lejθd,l as the downlink reflecting vector of the
IRS, where fd,l, θd,l ∈ [−π, π) and βd,l ∈ [0, 1], respectively,
denote the reflecting coefficient, the phase shift, and the ampli-
tude of passive reflecting element l in the downlink. As a
result, the downlink IRS-assisted link from AP to IoT user
k is modeled as HH

r,kFdHH
a,r ∈ C

M×1, where Fd = diag(f d)

is the downlink reflecting matrix of the IRS. Notice that f d
can be regarded as the passive reflect beam of the IRS being
optimized to enhance the EH.

The energy signal received by IoT user k is given as

yk = (
HH

a,k + HH
r,kFdHH

a,r

)
(

K∑

i=1

wisd,i

)

+ nk (2)

where nk ∼ CN (0, σ 2
k INk) is the additive white Gaussian noise

(AWGN) vector received by IoT user k with σ 2
k being the noise

power. Let GH
d,k = HH

a,k + HH
r,kFdHH

a,r denote the composite
downlink channel from AP to IoT user k, the harvested energy
of IoT user k is then represented as

Ek =
K∑

i=1

(1 − τ)ρk
∥
∥
(
HH

a,k + HH
r,kFdHH

a,r

)
wi

∥
∥2

2

= (1 − τ)ρkTr
(
GH

d,kWGd,k
)

(3)

where W = ∑K
i=1 wiwH

i and ρk ∈ (0, 1) is the energy
conversion efficiency of IoT user k.2

2) Uplink Data Report Phase: In the uplink, all IoT users
report their sensing data to the AP simultaneously. The
information signal transmitted by IoT user k is denoted as
su,k ∈ C

Nk×1, which is a complex Gaussian random vec-
tor with zero mean and covariance matrix Sk � 0, i.e.,

2Despite the fact that the nonlinear EH model can better fit the case where
the input power level is above the saturation threshold, the linear EH model is
also accurate for most practical EH circuits operating in a large range of input
RF power [32]. Benefiting from the accuracy for most EH circuits in practi-
cal deployment and the simple mathematical property, the linear EH model
has been widely used in the literature for the resource allocation. Thus, in
this article, we adopt the linear EH model. Notice that our proposed algo-
rithm cannot be directly applied to the nonlinear EH model, which requires
a dedicated study and we will do it in the future.

su,k ∼ CN (0,Sk). The received information signal at AP is
expressed as

ya =
K∑

k=1

(
Ha,k + Ha,rFuHr,k

)
su,k + na (4)

where na ∼ CN (0, σ 2
a IM) is the AWGN vector received by

AP with σ 2
a being the noise power, and Fu is the uplink

reflecting matrix. To be specific, Fu = diag(f u) with f u =
[fu,1, . . . , fu,L]T and fu,l = βu,lejθu,l , where fu,l, θu,l and βu,l,
respectively, denote the reflecting coefficient, the phase shift,
and the amplitude of reflecting element l in the uplink.

According to [33], the achievable uplink sum rate of all IoT
users is represented as

C = τ log2

(

det

(

I + 1

σ 2
a

K∑

k=1

Gu,kSkGH
u,k

))

(5)

where Gu,k = Ha,k + Ha,rFuHr,k is the composite uplink
channel from IoT user k to AP. This uplink sum rate can be
achieved by the minimum mean-square error (MMSE) receiver
at AP with the successive interference cancellation (SIC) [33].
It is worth pointing out that the achievable uplink sum rate
considered in this article, i.e., (5), is the channel capacity of
the uplink multiuser scenario, which is an upper bound of the
sum rate in IoT networks.

Remark 1: For the finite block-length transmission in IoT
networks, according to [34], the achievable rate is expressed
as R(γ ; n, ε) = C(γ ) − √

(V/n)Q−1(ε), where C(γ ) is the
channel capacity with γ representing the signal-to-noise ratio,
n is the block length, ε is the error probability, Q is the com-
plementary Gaussian cumulative distribution function, and V
is a characteristic of the channel referred to as channel disper-
sion. In particular, V is given by V = 1 − (1/[(1 + γ )2]). It
can be observed that V is an increasing function with respect
to γ and satisfies 0 ≤ V < 1. If we approximate V by 1, the
rate with finite block-length transmission R(γ ; n, ε) is simpli-
fied as R̄(γ ; n, ε) = C(γ ) − Q−1(ε)/

√
n, which is a lower

bound of R(γ ; n, ε). As V ≈ 1 when γ ≥ 5 dB [35], this
lower bound is tight in high SNR regions. For the case with
γ < 5 dB, the achievable rate with finite-block transmission
R(γ ; n, ε) is much higher than R̄(γ ; n, ε). Mathematically, we
have

{
R̄(γ ; n, ε) ≈ R(γ ; n, ε) < C(γ ), γ ≥ 5 dB
R̄(γ ; n, ε) < R(γ ; n, ε) < C(γ ), γ < 5 dB.

(6)

In this article, therefore, with the channel capacity C achieved
by (5) and the lower bound R̄(γ ; n, ε) obtained by C −
Q−1(ε)/

√
n, the value range of the achievable rate with

finite block-length transmission R(γ ; n, ε) can be determined.
Besides, R(γ ; n, ε) gradually approaches to its lower bound
R̄(γ ; n, ε) with the increase of γ .

B. Practical Phase Shift Model of the IRS

For the phase shift of the IRS, most of the existing works
separately model the reflecting amplitude and the phase shift
of each IRS element, where the reflecting amplitude is always
setting as 1 and only the phase shift is flexibly adjusted. To
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figure out the practical signal reflecting model of each IRS
element, [27] deeply analyzes the reflecting principle of the
IRS and finds that the reflecting amplitude and the phase
shift are controlled by the semiconductor device with tun-
able impedance. Then, via the equivalent circuit model of the
reflecting unit cell, [27] reveals the relationship curve between
the reflecting amplitude and the phase shift, which is also ver-
ified via practical experiments. This phenomenon shows that
the reflecting amplitude of each IRS element is a function of
its phase shift in reality.

To mathematically characterize this function, [28] further
proposes an analytical model for the IRS reflection. In specific,
the reflecting coefficient of the lth unit in IRS is expressed as

fl = βl(θl)e
jθl (7)

where

βl(θl) = (1 − βmin)

(
sin

(
θl − θ̄

) + 1

2

)χ

+ βmin ∈ [0, 1] (8)

denotes the reflecting amplitude and θl ∈ [−π, π) is the phase
shift. In the expression of (8), βmin ≥ 0, θ̄ ≥ 0 and χ ≥ 0
are the constants related to the specific circuit implementation
and can be obtained via the curve fitting method. With this
practical model, the downlink and uplink reflecting coefficients
of IRS element l are, respectively, represented as

fd,l = βd,le
jθd,l = βl

(
θd,l

)
ejθd,l and (9)

fu,l = βu,le
jθu,l = βl

(
θu,l

)
ejθu,l . (10)

C. Problem Formulation

With the considered IRS-assisted wireless-powered
multiuser MIMO network, we aim to maximize the achiev-
able uplink sum rate of all IoT users by jointly optimizing
the time allocation ratio, downlink active beamforming of
AP, the uplink active information covariance matrices of all
IoT users, and the passive beamforming of IRS for both
the downlink and uplink. Mathematically, the problem is
formulated as

P1: max
τ,W,Fd ,

Fu,S

τ log2

(

det

(

I + 1

σ 2
a

K∑

k=1

Gu,kSkGH
u,k

))

(11a)

s.t. Tr(W) ≤ Pa (11b)

τTr(Sk) ≤ (1 − τ)ρkTr
(
GH

d,kWGd,k
) ∀k (11c)

fd,l = βl
(
θd,l

)
ejθd,l , θd,l ∈ [−π, π) ∀l (11d)

fu,l = βl
(
θu,l

)
ejθu,l , θu,l ∈ [−π, π) ∀l (11e)

0 < τ < 1,W � 0,Sk � 0 ∀k (11f)

where S = [S1, . . . ,SK] and Pa is the maximum allowable
transmission power of AP. Constraint (11b) is the transmis-
sion power constraint of AP and (11c) is the energy causality
constraint, which ensures that the consumed energy of each
IoT user in the uplink is no more than its harvested energy
in the downlink. Constraints (11d) and (11e) are, respectively,
the practical IRS reflection constraints for the downlink and
uplink transmission.

Notice that problem P1 is nonconvex due to the tightly
coupled time allocation ratio, active beamforming and pas-
sive beamforming in objective function (11a) and the energy
causality constraint (11c), as well as the nonconvexity of
IRS reflection constraints (11d) and (11e). To tackle this
complicated problem effectively, in Section III, we divide
the optimization variables into three blocks and update them
alternatively.

III. PROPOSED JOINT ACTIVE AND PASSIVE

BEAMFORMING DESIGN

In this section, we present the proposed joint active and
passive beamforming design to tackle the formulated uplink
sum-rate maximization problem P1. In particular, problem
P1 is decomposed into three subproblems, i.e., the active
beamforming problem with the optimization of {W,S, τ }, the
downlink passive beamforming problem with the optimization
of Fd, and the uplink passive beamforming problem with
the optimization of Fu. In what follows, specific solutions to
these three subproblems and the overall algorithm for solving
problem P1 are, respectively, given.

A. Active Beamforming: Fix {Fd,Fu} and Optimize
{W,S, τ}

With any given channel configuration Fd and Fu, the origi-
nal problem P1 is reduced as the active beamforming problem
P2 with optimization variables W, S, and τ , which is cast as

P2 : max
W,S,τ

τ log2

(

det

(

I + 1

σ 2
a

K∑

k=1

Gu,kSkGH
u,k

))

(12a)

s.t. Tr(W) ≤ Pa (12b)

τTr(Sk) ≤ (1 − τ)ρkTr
(
GH

d,kWGd,k
) ∀k (12c)

W � 0,Sk � 0 ∀k. (12d)

Due to the coupling of τ and W in (12a) as well as the coupling
of τ and Sk in (12c), problem P2 is nonconvex.

To tackle this obstacle, we introduce two new variables W̃ =
(1 − τ)W and S̃k = τSk, and problem P2 is then equivalently
recast as

P3 : max
W̃,S̃,τ

τ log2

(

det

(

I + 1

σ 2
a τ

K∑

k=1

Gu,kS̃kGH
u,k

))

(13a)

s.t. Tr
(

W̃
)

≤ (1 − τ)Pa (13b)

Tr
(

S̃k

)
≤ ρkTr

(
GH

d,kW̃Gd,k

)
∀k (13c)

0 < τ < 1, W̃ � 0, S̃k � 0 ∀k. (13d)

Notice that the objective function (13a) is the perspective of
the concave function log2(det(I + (1/σ 2

a )
∑K

k=1 Gu,kS̃kGH
u,k)).

According to [36], the concavity is preserved by the per-
spective operation, (13a) is hence joint concave with respect
to S̃k and τ . Furthermore, all constraints in problem P3
are convex. Therefore, problem P3 is a convex optimization
problem and can be optimally solved by CVX. However, the
general solver is usually accompanied by the high computa-
tional complexity. In this article, we propose a low-complexity
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algorithm based on the Lagrangian method and the Karush–
Kuhn–Tucker (KKT) condition to obtain the optimal solution
to problem P3.

1) Overview of the Proposed Active Beamforming Design:
Denote α ≥ 0, βk ≥ 0, �w � 0, and �s,k � 0 as
Lagrangian multipliers associated with (12b), (12c), W � 0,
and Sk � 0, respectively. Define β = [β1, . . . , βK]T and
�s = [�s,1, . . . ,�s,K], the Lagrangian function of problem
P3 is expressed as

L
(

W̃, S̃, τ ;α,β,�w,�s

)

= τ log2

(

det

(

I + 1

σ 2
a τ

K∑

k=1

Gu,kS̃kGH
u,k

))

+ Tr
(

AW̃
)

+
K∑

k=1

Tr
(

BkS̃k

)
+ (1 − τ)αPa (14)

where

A =
K∑

k=1

βkρkGd,kGH
d,k + �w − αI (15)

Bk = −βkI + �s,k. (16)

Then, the Lagrangian dual function is given as

P4 : D(α,β,�w,�s) = max
W̃,S̃,τ

L
(

W̃, S̃, τ ;α,β,�w,�s

)
.

(17)

Since problem P3 is convex and satisfies Slater’s condition,
the strong duality holds. Thus, the optimal solution to problem
P3 can be achieved via its Lagrangian dual problem, which
is formulated as

P5: min
α,β,�w,�s

D(α,β,�w,�s) (18a)

s.t. α ≥ 0, βk ≥ 0,�w � 0,�s,k � 0 ∀k.

(18b)

As it is extremely difficult to obtain the analytical expres-
sion of the Lagrangian dual function D(α,β,�w,�s), we
optimize problem P3 via alternatively updating primal vari-
ables {W̃, S̃, τ } and Lagrangian multipliers {α,β,�w,�s}. In
specific, due to the independence from each other, W̃ and
{S̃, τ } can be optimized in parallel when solving problem
P4. During this, the optimal rank-one W̃ with closed-form
expression is derived and the special structure of each optimal
S̃k with semi-closed form is also achieved. Then, Lagrangian
multipliers are updated by handling problem P5. With the
obtained optimal {W̃, S̃, τ }, the optimal solution to problem
P2 is derived as W = W̃/(1−τ) and Sk = S̃k/τ . The detailed
active beamforming design is summarized in Algorithm 1. In
the following, the update of W̃, {S̃, τ }, and {α,β,�w,�s} is,
respectively, introduced.

2) Fix {α,β,�w,�s} and Optimize W̃: In this article, the
optimal W̃ with closed-form expression is obtained based on
the KKT condition. To show this, we first derive the KKT
conditions of problem P3 associated with W̃. Taking the first-
order derivation of the Lagrangian function (14) with respect

Algorithm 1 Active Beamforming Design to Maximize the
Uplink Sum Rate

1: Initialize Lagrangian multiplier vector β and all users’
aggregated uplink information covariance matrix S̃;

2: Calculate Lagrangian multipliers α, �w and �s based on
(33), (20) and (25), respectively;

3: while The stopping criteria is not satisfied do
4: Update W̃ according to Proposition 1;
5: while The stopping criteria is not satisfied do
6: Update each S̃k with any given {S̃i, i �= k} according

to Proposition 2;
7: Update τ via the bisection method to solve (30);
8: end while
9: Update Lagrangian multipliers β, α, �w and �s based

on (32), (33), (20) and (25), respectively;
10: end while
11: return W = W̃/(1 − τ) and S = S̃/τ .

to W̃, we have

∂L
∂W̃

=
K∑

k=1

βkρkGd,kGH
d,k − αI + �w = 0. (19)

Then, the W̃-related KKT conditions are given as

�w = αI −
K∑

k=1

βkρkGd,kGH
d,k (20)

Tr
(
�wW̃

)
= 0 (21)

�w � 0, W̃ � 0 (22)

where (21) is the complementary slackness condition.
Proposition 1: The optimal active energy beamforming

matrix W̃ satisfies Rank(W̃) = 1 and has the following
structure W̃ = PaππH, where π is the unit-norm eigen-
vector corresponding to the maximum eigenvalue of matrix
C = ∑K

k=1 βkρkGd,kGH
d,k.

Proof: We first prove the rank-one property of matrix
W̃ via its associated KKT conditions. In KKT conditions, the
complementary slackness condition Tr(�wW̃) = 0 is equiv-
alent to �wW̃ = 0, since both �w and W̃ are nonnegative
matrices. �wW̃ = 0 means that the optimal active energy
beamforming matrix W̃ lies in the null space of �w and
Rank(�w)+ Rank(W̃) ≤ M.

With C = ∑K
k=1 βkρkGd,kGH

d,k, the Lagrangian multiplier
�w can be rewritten as �w = αI − C according to (20). Let
ηmax represent the maximum eigenvalue of C and then α−ηmax
is the minimum eigenvalue of �w. Since �w is a nonnegative
matrix, α ≥ ηmax needs to be satisfied. If α > ηmax, �w is a
full-rank matrix. Considering Rank(�w)+Rank(W̃) ≤ M, the
energy beamforming matrix W̃ = 0, which is obviously not
the optimal case. Therefore, at the optimum, α = ηmax must
hold. Furthermore, owing to the randomness of the wireless
channel, the probability that multiple eigenvalues of C equal
to ηmax approaches to zero. This leads to Rank(�w) = M −1.

Based on the fact that �wW̃ = 0 and Rank(�w) = M − 1,
we have Rank(W̃) = 1 and the optimal rank-one energy
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beamforming matrix W̃ can be constructed as

W̃ = PaππH (23)

where π is a unit-norm vector within the null space of �w.
According to the matrix theory, one can verify that π is also
the eigenvector corresponding to the maximum eigenvalue
ηmax of matrix C. This completes the proof.

3) Fix {α,β,�w,�s} and Optimize {S̃, τ}: To investigate
the structure of each S̃k with any given τ , we first get the
key inspiration from the KKT condition and then propose an
optimal iterative algorithm to handle problem P4. Toward this
end, taking the first derivation of Lagrangian function (14)
with respect to S̃k, we have

∂L
∂S̃k

= 1

σ 2
a ln 2

GH
u,k

(

I +
K∑

i=1

1

σ 2
a τ

Gu,iS̃iGH
u,i

)−1

Gu,k

− βkI + �s,k = 0 (24)

which is derived based on ∇ ln det(I + GSGH) = GH(I +
GSGH)−1G. Then, the S̃k-related KKT conditions consisting
of ∂L/∂S̃k = 0, complementary slackness conditions, primal
constraints, and dual constraints are expressed as

βkI = 1

σ 2
a ln 2

GH
u,k

(

I +
K∑

i=1

1

σ 2
a τ

Gu,iS̃iGH
u,i

)−1

Gu,k

+ �s,k ∀k (25)

Tr
(
�s,kS̃k

)
= 0 ∀k (26)

�s,k � 0, S̃k � 0 ∀k. (27)

Notice that the solution to the single-user problem with
K = 1 also exactly satisfies the KKT condition above. It is
instructive to compare the single-user KKT condition with the
multiuser KKT condition for each user k. The only difference
is that the multiuser KKT condition has the additional back-
ground interference term Ib,k = ∑K

i=1,i �=k Gu,iS̃iGH
u,i/(σ

2
a τ)

in (25). Inspired by this observation, if each S̃k satisfies the
single-user KKT condition while treating other users’ signal
Ib,k as interference, the aggregated matrix S̃ must meet the
multiuser KKT condition. Due to the sufficiency of the KKT
condition, the obtained S̃ is also the optimal solution to the
multiuser problem.

Motivated by this observation, an iterative algorithm is
proposed in this article to find the optimal S̃ by solving
problem P4. The key idea is to alternatively optimize each
S̃k with any given Ib,k obtained from the previous iteration.
To proceed with, in each iteration, the S̃k optimization within
problem P4 is reduced as

P6 : max
S̃k

log2

(

det

(

Mk + 1

σ 2
a τ

Gu,kS̃kGH
u,k

))

− βkTr
(

S̃k

)

(28a)

s.t. S̃k � 0 (28b)

where Mk = I + Ib,k. Define Ḡuk = �
−(1/2)
k QH

k Guk, where
�k and Qk are obtained via the eigenvalue decomposition
of Mk, i.e., Mk = Qk�kQH

k . Let Ḡuk = Ūk�̄kV̄
H
k as the

singular value decomposition (SVD) of Ḡuk, where �̄k =

diag{λ̄k,1, . . . , λ̄k,n, . . . , λ̄k,Nk } with λ̄k,n representing the nth
singular value of Ḡuk. With these definitions, the optimal S̃k

can be derived based on Proposition 2.
Proposition 2: The optimal solution to problem P6 is S̃k =

V̄kPkV̄
H
k , where Pk = diag{pk,1, . . . , pk,n, . . . , pk,Nk } with pk,n

obtained from the water-filling algorithm, i.e.,

pk,n =
[

1

βk ln 2
− σ 2

a τ

λ̄2
k,n

]+
. (29)

Proof: Refer to the Appendix.
Then, for the optimization of τ with any given S̃ achieved

by Proposition 2, let the first derivation of Lagrangian func-
tion (14) with respect to τ equal to zero, we have

M∑

m=1

ln

(

1 + μm

σ 2
a τ

)

−
M∑

m=1

1

1 + σ 2
a
μm
τ

= αPa ln 2 (30)

where μm is the mth eigenvalue of matrix
∑K

k=1 Gu,kS̃kGH
u,k.

The optimal τ within 0 < τ < 1 can be obtained via solv-
ing (30). Denoting the left-hand side of (30) as f (τ ), we can
derive that

df (τ )

dτ
= −

M∑

m=1

μ2
m

σ 4
a

(
τ + μm

σ 2
a

)2
< 0. (31)

Thus, f (τ ) is a decreasing function and τ satisfying (30) can
be uniquely determined by the bisection search.

Therefore, by iteratively updating S̃ and τ until the algo-
rithm converges, all users’ optimal uplink information covari-
ance matrices with semi-closed forms and the optimal τ are
obtained.

4) Fix {W̃, S̃, τ} and Optimize {α,β,�w,�s}: The
Lagrangian multipliers are updated by solving the Lagrangian
dual problem, i.e., problem P5. Since the objective function
of problem P5 is nondifferential, Lagrangian multipliers are
updated by applying the subgradient method.

Specifically, the update of each βk is expressed as

βk := βk − δt

(
ρkTr

(
GH

d,kW̃Gd,k

)
− Tr

(
S̃k

))
(32)

where δt is the update step size. For the update of α, we
revisit the proof of Proposition 1. In the proof, it has been
demonstrated that α = ηmax is always satisfied at the optimum.
Thus, the update of α is expressed as

α = η

(
K∑

k=1

βkρkGd,kGH
d,k

)

(33)

where function η(A) is the maximum eigenvalue of matrix A.
Then, with the obtained β and α, the matrix multipliers �w

and �s can be updated based on (20) and (25), respectively.

B. Downlink Passive Beamforming: Fix {W,S, τ} and
Optimize Fd

Notice that the objective function (11a) in problem P1 is
not related to Fd, the optimization of Fd with any given W
and S are reduced as the following feasibility check problem:
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P7 : Find Fd (34a)

s.t. fd,l = βl
(
θd,l

)
ejθd,l , θd,l ∈ [−π, π) ∀l

(34b)

τTr(Sk) ≤ (1 − τ)ρkTr
(
GH

d,kWGd,k
) ∀k.

(34c)

To effectively deal with this problem, in what follows, we first
transform problem P7 into a tractable form and then propose
a low-complexity algorithm.

1) Problem Transformation: To make the downlink passive
beamforming Fd explicit in the expression of Tr(GH

d,kWGd,k),
we substitute GH

d,k = HH
a,k + HH

r,kFdHH
a,r into Tr(GH

d,kWGd,k)

and then

Tr
(
GH

d,kWGd,k
) = Tr

(
FH

d Ad,kFdBd
) + Tr

(
FH

d CH
d,k

)

+ Tr
(
FdCd,k

) + Tr
(
HH

a,kWHa,k
)

(35)

where Ad,k = Hr,kHH
r,k, Bd = HH

a,rWHa,r, and Cd,k =
HH

a,rWHa,kHH
r,k. Due to the fact that Fd is a diagonal matrix,

we have

Tr
(
FH

d Ad,kFdBd
) = f H

d

(
Ad,k � BT

d

)
f d and (36)

Tr
(
FdCd,k

) = cT
d,kf d (37)

where cd,k = diag(Cd,k). As a result, Tr(GH
d,kWGd,k) can be

expressed as

Tr
(
GH

d,kWGd,k
) = f H

d Dd,kf d + 2Re
{
f H

d c∗
d,k

} + Tr
(
HH

a,kWHa,k
)

(38)

where Dd,k = Ad,k �BT
d . Since both Ad,k and Bd are nonnega-

tive semi-definite matrices, Dd,k is a nonnegative semi-definite
matrix.

With (38), the design of Fd is equivalently replaced by
the optimization of f d. To find better f d, the feasibility
check problem P7 can be effectively tackled via a newly
transformed optimization problem. By introducing additional
variable φ = [φ1, . . . , φK]T , the new tractable problem is
formulated as

P8 : max
f d,θd,φ

K∑

k=1

φk (39a)

s.t. fd,l = βl
(
θd,l

)
ejθd,l , θd,l ∈ [−π, π) ∀l

(39b)

φk ≥ 0 ∀k (39c)

φk + ak ≤ f H
d Dd,kf d + 2Re

{
f H

d c∗
d,k

}∀k

(39d)

where ak = (τ/[ρk(1 − τ)])Tr(Sk)− Tr(HH
a,kWHa,k).

2) Proposed Low-Complexity Algorithm: Problem P8 is
obvious nonconvex, owing to the nonconvex constraint (39b)
and the nonconvex quadratic constraint (39d). To handle this
problem with low computational complexity, in this article, we
propose an SCA-based penalty function method consisting of
two loops.

First, in the outer loop, the SCA method is adopted to deal
with the nonconvex constraint (39d). In particular, the noncon-
vex part in (39d), f H

d Dd,kf d, is iteratively replaced by its linear

form. As f H
d Dd,kf d is convex with respect to f d, we have

− f (t)Hd Dd,kf (t)d + 2Re
{

f H
d Dd,kf (t)d

}
≤ f H

d Dd,kf d (40)

where f (t)d is obtained from iteration t in the outer loop.
Consequently, in iteration t + 1, problem P8 becomes

P9: max
f d,θd,φ

K∑

k=1

φk (41a)

s.t. fd,l = βl
(
θd,l

)
ejθd,l (41b)

− π ≤ θd,l < π ∀l (41c)

φk ≥ 0 ∀k (41d)

φk + b(t)k ≤ Re
{

f H
d d(t)k

}
∀k (41e)

where b(t)k = (ak + f (t)Hd Dd,kf (t)d )/2 and d(t)k = c∗
d,k + Dd,kf (t)d .

Since the relaxation of (41e) is conservative, the obtained
solution to problem P9 is always feasible for problem P8.

Then, in the inner loop, we propose an iterative algorithm
based on the penalty function method to solve problem P9,
which adds the constraint-related penalty function in the objec-
tive and penalizes the violation of constraint via the penalty
factor. In particular, by introducing the penalty factor μ ≥ 0
for (41b) and the penalty vector ν = [ν1, . . . , νK]T � 0
for (41e), the new objective function is expressed as

K∑

k=1

φk − μ

L∑

l=1

∣
∣
∣

[

fd,l − βl
(
θd,l

)
ejθd,l

∣
∣
∣
2

+
K∑

k=1

νk

(
Re

{
f H

d d(t)k

}
− b(t)k − φk

)
. (42)

As a result, problem P9 can be handled via the following
problem:

P10 : max
f d,φ,θd

K∑

k=1

φk(1 − νk)+ Re

{

f H
d

(
K∑

k=1

νkd(t)k

)}

− μ

L∑

l=1

∣
∣
∣fd,l − βl

(
θd,l

)
ejθd,l

∣
∣
∣
2

(43a)

s.t. −π ≤ θd,l < π ∀l (43b)

φk ≥ 0 ∀k (43c)

where the objective function is obtained by rearranging (42).
It is observed that the optimization of {f d, θd} and φ

is independent and can be solved in parallel. For the
optimization of {f d, θd}, an iterative algorithm is proposed
to alternatively update f d and θd. With any given f̄ d =
[βl(θd,l)ejθd,l , . . . , βl(θd,L)ejθd,L ]T , the f d-related optimization
problem is simplified as

P11 : min
f d

μ‖f d − f̄ d‖2 − Re

{

f H
d

(
K∑

k=1

νkd(t)k

)}

(44a)

whose optimal solution is f d = f̄ d + (1/2μ)(
∑K

k=1 νkd(t)k ).
With any given f d, the θd-related optimization problem is
expressed as
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P12 : min
θd

μ

L∑

l=1

∣
∣
∣fd,l − βl

(
θd,l

)
ejθd,l

∣
∣
∣
2

(45a)

s.t. −π ≤ θd,l < π ∀l. (45b)

Although problem P12 is nonconvex, its element-wise optimal
solution θd,l has been analytically derived in parallel in [28].
Furthermore, for the optimization of φ, problem P10 is
simplified as

max{φk≥0}
∑K

k=1
φk(1 − νk). (46)

To make sure that this problem has a finite objective value,
the penalty factor should satisfy νk ≥ 1 and then the optimal
φk is φk = 0 ∀k. Thus, by alternatively optimization f d and
θd, problem P10 can be solved.

In addition to the optimization of f d, θd, and φ, the
penalty factors μ and ν in problem P10 also need to be
updated accordingly. To penalize the violation of (41b), the
value of μ should be enlarged with the increase of the num-
ber of iterations. Hence, the updated of μ is expressed as
μ(i+1) = δμ,tμ

(i), where μ(i) is the value of μ obtained from
the ith iteration in the inner loop and δμ,t > 0 is the stepsize.
For the update of ν, we can observe from problem P10 that,
if Re{f H

d d(t)k } < b(t)k , νk should be increased to penalize the
violation of (41e). As a result, with any given f d, the penalty
factor νk is updated by

ν
(i+1)
k =

[
ν
(i)
k − δt

(
Re

{
f H

d d(t)k

}
− b(t)k

)]+
1

∀k (47)

where ν(i)k is the value of νk obtained from the ith iteration in
the inner loop and δν,t > 0 is the stepsize. Therefore, by itera-
tively updating {f d, θd} and {μ, ν} in the inner loop, problem
P9 can be efficiently solved.

Finally, to summarize, the proposed SCA-based penalty
function method consists of two loops. In the outer loop, the
SCA method is adopted to conservatively linearize nonconvex
part in (39d) and then problem P8 is converted to problem P9
in each iteration. In the inner loop, problem P9 is solved via
the penalty function method, which alternatively updates the
optimization variables {f d, θd} and the penalty factors {μ, ν}.
It is worth pointing out that both the analytical closed forms of
f d and θd are derived in the inner loop. The detailed algorithm
is outlined in Algorithm 2.

C. Uplink Passive Beamforming: Fix {W,S, τ}
and Optimize Fu

For the optimization of Fu, the original problem P1 with
any given W and S is reduced as

P13 : max
Fu

log2

(

det

(

I + 1

σ 2
a

K∑

k=1

Gu,kSkGH
u,k

))

(48a)

s.t. fu,l = βl
(
θu,l

)
ejθu,l , θu,l ∈ [−π, π) ∀l.

(48b)

Denote Gu = [Gu,1, . . . ,Gu,K] and Ŝ = diag(S1, . . . ,SK) as
the aggregated channel matrix and the newly formed aggre-
gated information covariance matrix, respectively. Problem

Algorithm 2 Downlink Passive Beamforming Design to
Maximize the Uplink Sum Rate

1: Set t = 0 and initialize f (0)d ;
2: while The stopping criteria of the outer loop is not

satisfied do
3: Calculate b(t)k = (ak + f (t)Hd Dd,kf (t)d )/2 and d(t)k = c∗

d,k +
Dd,kf (t)d ;

4: Set i = 0 and initialize penalty factors μ(0) and ν
(0)
k ;

5: while The stopping criteria of the inner loop is not
satisfied do

6: Update f d = f̄ d + 1
2μ(

∑K
k=1 νkd(t)k );

7: Update θd according to [28];
8: Update μ(i+1) = δμ,tμ

(i);

9: Update ν(i+1)
k =

[
ν
(i)
k − δt

(
Re{f (i)Hd d(t)k } − b(t)k

)]+
1

;
10: Set i = i + 1;
11: end while
12: f (t)d = f (i)d ;
13: Set t = t + 1;
14: end while
15: return f d.

P13 can be equivalently reformulated as

P14 : max
Fu

τ log2

(

det

(

I + 1

σ 2
a

GuŜGH
u

))

(49a)

s.t. fu,l = βl
(
θu,l

)
ejθu,l , θu,l ∈ [−π, π) ∀l

(49b)

where Gu = Ha + Ha,rFuHr with Ha = [Ha,1, . . . ,Ha,K] and
Hr = [Hr,1, . . . ,Hr,K]. By aggregating the channel matri-
ces and information covariance matrices of multiple users,
problem P14 has the same form as the single-user rate
maximization problem and can be regarded as a virtual single-
user problem. The key of this problem is how to configure the
uplink channel matrix Gu (i.e., Fu) to maximize the single-user
channel capacity.

Notice that the objective function (49a) is complicated with
respect to Fu, it is impossible to directly solve problem P14.
To tackle this obstacle, we resort to the method proposed
in [13] and [37], with which (49a) is first equivalently rewrit-
ten as a function of passive reflecting element fu,l and then
each fu,l is iteratively updated with the satisfaction of (49b)
until the algorithm converges. The detailed algorithm refers
to [13, Algorithm 1] and [37].

D. Overall Algorithm

To sum up, the formulated uplink sum-rate maximization
problem P1 is handled via alternatively optimizing variable
blocks {W,S, τ }, Fd and Fu, where Fd and Fu are optimized
in parallel. With any given channel configuration matrices Fd

and Fu, the globally optimal W, S, and τ are achieved by the
proposed algorithm (Algorithm 1), due to the fact that problem
P3 is convex and can be optimally handled via the Lagrangian
method. More importantly, the optimal rank-one W̃ is derived,
and the optimal semi-closed S̃ is obtained. With the given
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Algorithm 3 Proposed Joint Active and Passive Beamforming
Framework

1: Initialize Fd and Fu;
2: while the stopping criteria is not satisfied do
3: Update W, S and τ via the proposed Algorithm 1;
4: Update Fd and Fu via the proposed Algorithm 2 and

Algorithm 1 in [37], respectively;
5: end while
6: Update Sk = max(trace(Sk),Pk,sensitivity)

trace(Sk)
Sk,∀k;

7: return W, S, τ , Fd and Fu.

{W,S, τ }, Fd and Fu are, respectively, and concurrently opti-
mized via the proposed algorithm (Algorithm 2) and [13,
Algorithm 1]. Since problems P8 and P13 are nonconvex and
solved via the alternative optimization method, the achieved
Fd and Fu are locally optimal. Repeat these two procedures
until the value of the objective function converges, problem P1
can be solved. The framework of the proposed joint active and
passive beamforming design is summarized in Algorithm 3,
where the operation in line 6 is to make sure that the EH circuit
only works when the received power is larger than the EH sen-
sitivity power point Pk,sensitivity. The output of Algorithm 3 is
obvious a local optimal solution to problem P1, as {W,S, τ },
Fd and Fu are alternatively optimized.

To analyze the time complexity of the overall Algorithm 3,
we first show the complexity of algorithms for subprob-
lems. For the optimization of {W,S, τ } with Algorithm 1,
let N1,outer and N1,inner, respectively, denote the number of
iterations in the outer loop and the inner loop. The time
complexity is O1 = O(N1,outer(N1,inner(

∑K
k=1(MN2

k + N3
k +

log2 (1/ετ ))) + M3)), where ετ is the error threshold when
solving τ with the bisection method. For the optimization of
Fd with Algorithm 2, denote by N2,outer and N2,inner, respec-
tively, the number of iterations in the outer loop and the inner
loop. The complexity is O2 = O(N2,outer(N2,innerL + K)). For
the optimization of Fu with [37, Algorithm 1], the complex-
ity is O3 = O(((3M3 + 2M2(

∑K
k=1 Nk) + (

∑K
k=1 Nk)

2)L +
M(

∑K
k=1 Nk)min(M,

∑K
k=1 Nk))N3,ite), where N3,ite is the

number of iterations in [37, Algorithm 1]. Therefore, the time
complexity of Algorithm 3 is O((O1 +O2 +O3)Nall), where
Nall is the number of iterations in Algorithm 3.

For the practical implementation, the proposed algorithm
must be operated within the channel coherence time. In our
considered IRS-assisted WPCNs, all nodes, including the AP,
the IRS, and IoT users, are deployed in fixed positions with-
out any movement. Hence, the channel coherence time of the
considered quasi-static scenario is longer than that defined by
3GPP and may fall into tens of milliseconds. Within this rel-
atively long channel coherence time, our proposed algorithm
is also designed with partial parallel processing, which signif-
icantly reduces the computing time. In specific, the downlink
passive beamforming Fd and the uplink passive beamforming
Fu are designed in parallel with any given active beamform-
ing {W,S, τ }. Within the optimization of active beamforming
{W,S, τ }, W and {S, τ } are designed in parallel. Within
the optimization of downlink passive beamforming Fd, each

Fig. 2. Projected horizontal network topology of the simulation scenario.

element of IRS fd,l is also derived in parallel. Furthermore,
in practical communication systems, the proposed joint active
and passive beamforming algorithm belongs to the physical
layer signal processing and is running on the FPGA, which
is natural for the parallel computing. With enough FPGA
resource, carefully designed parallel computing and specific
hardware acceleration, it is possible to estimate the CSI and
obtain the proposed solution in a relatively long channel
coherence time.

IV. NUMERICAL RESULTS

In this section, extensive numerical simulations are con-
ducted to validate the effectiveness of our proposed algorithm
in the considered IRS-aided WPCN.

A. Simulation Setup

Throughout the simulations, we consider a 3-D IRS-assisted
scenario, whose projected horizontal network topology is
shown in Fig. 2. In the scenario, one AP serves K = 4 energy-
constrained IoT users and one IRS is deployed near the IoT
users to construct extra reflection links. In specific, under a
3-D Cartesian coordinate system, the AP is located at (0 m,
0 m, 2 m) and the IRS is located at (xIRS, 2 m, 2 m), where
xIRS is the horizontal axis of the IRS with xIRS = 8 m unless
otherwise specified. IoT users are uniformly distributed within
a circle of radius ru = 1 m and the circle center is set as (10 m,
0 m, 0 m). In the setup, the AP has M = 8 antennas and each
IoT user has Nk = 2 antennas. The IRS is equipped with a
uniform planar array with L = LxLy reflecting elements, where
Lx = 10 and Ly are, respectively, denote the number of reflect-
ing elements in horizontal and vertical directions. In addition,
the transmission power of AP is set as Pa = 25 dBm and
the noise power is set as σ 2

a = −104 dBm. As the received
RF energy at each IoT user cannot be entirely converted to
the available energy, the EH efficiency is set as ρk = 0.5.
The parameters related to the practical phase shift model are,
respectively, set as βmin = 0.2, θ̄ = 0.43π , and χ = 1.6 in
accordance with [28].

The wireless channel model is composed of the large-scale
path loss model and the small-scale fading model. The large-
scale path-loss model is dependent on the communication
distance between the transmitter and the receiver. Let d be
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the communication distance, the path-loss model is given as

PL(d) = C0

(
d

d0

)−κ
(50)

where C0 = −30 dB is the large-scale path loss at the refer-
ence distance d0 = 1 m and κ is the path-loss exponent. In
this simulation, the path-loss exponents for the AP–user link,
the AP–IRS link, and the IRS–user link are, respectively, set
as κa,u = 3.5, κa,r = 2.2, and κr,u = 2.8. For the small-scale
channel fading, Rician fading is adopted here. Mathematically,
the small-scale channel model is expressed as

H =
√

ω

1 + ω
HLoS +

√
1

1 + ω
HNLoS (51)

where H ∈ {Ha,k,Ha,r,Hr,k}, HLoS and HNLoS are, respec-
tively, denote the Line-of-Sight (LoS) and non-LoS (NLoS)
components of channel H, and ω ∈ [0,∞) represents the
Rician factor. In (51), HLoS is constructed by the product
of array steering vectors at both the receiver and the trans-
mitter, i.e., HLoS = aR(φA, ψA)aT(φD, ψD)

H, where φA(φD)

and ψA(φD) are, respectively, the azimuth and elevation angles
of arrival (departure). Specific expressions of aR(φA, ψA) and
aT(φD, ψD) are related to their corresponding array types,
i.e., ULA or UPA, and can be found in [13]. In the simula-
tion, φA(φD) and ψA(φD) are uniformly chosen from [0, 2π)
and [0, π), respectively. Then, for the NLoS channel model
in (51), HNLoS is characterized by Rayleigh fading with each
element following CN (0, 1). Notice that the Rician factor ω
is in fact a weighting factor between the LoS and NLoS chan-
nel components. When ω = 0, H is totally a NLoS Rayleigh
channel; while when ω → ∞, H approaches to a deterministic
LoS channel. Denote by ωa,u, ωa,r, and ωr,u, respectively, the
Rician factors of the AP–user link, the AP–IRS link, and the
IRS–user link. In the simulation, We set ωa,u = 0, ωa,r = 1,
and ωr,u = 0.

B. Baseline Algorithms

To comprehensively appraise the performance of our
proposed algorithm, labeled as “proposed algorithm,” four
baseline algorithms are also conducted in the simulation. These
baseline algorithms are classified as three categories: 1) the
simplified passive beamforming algorithms (baselines 1 and
3); 2) the simplified active beamforming algorithm (baseline
2); and 3) the baseline algorithm without the deployment of
IRS (baseline 4). The detailed baseline algorithms are shown
in the following, whose time complexity analysis is listed in
Table I.

1) Uplink Channel Gain Max: In this algorithm, the
uplink channel configuration matrix Fu is optimized
via the channel power gain maximization algorithm.
Then, {W,S, τ } and Fd are alternatively optimized via
Algorithms 1 and 2.

2) Simplified S Optimization: In this algorithm, the uplink
information covariance Sk in Algorithm 1 is designed
via the SVD of channel Gu,k, ignoring the interuser
interference. Then, other variables are optimized in the
same way as Algorithm 3.

TABLE I
TIME COMPLEXITY ANALYSIS OF BASELINE ALGORITHMS

Fig. 3. Convergence behavior of the active beamforming design.

3) Random Phase Shift: All phase shifts of IRS elements
in both the downlink and uplink are randomly chosen
from [0, 2π ]. Then, the active beamforming matrix block
{W,S, τ } is optimized via Algorithm 1.

4) Without IRS: In this scheme, the achievable uplink sum
rate is maximized with the conventional system setup,
where the IRS is not deployed. Hence, in the algo-
rithm, the active beamforming matrix block {W,S, τ }
is optimized via Algorithm 1 with Fu = Fd = 0.

C. Convergence Performance of Proposed Algorithms

In this section, the convergence performance of all proposed
algorithms is investigated. With four independent user distri-
butions and channel realizations, the convergence behaviors
of proposed algorithms for solving the original problem
P1 are presented. First, in Fig. 3, the proposed algorithm
(Algorithm 1) to design the active beamforming matrices
can converge to the optimal point within 400 iterations.
Since the analytical active beamforming matrices presented
in Propositions 1 and 2 are derived in each iteration, the
consumed time for the convergence of the algorithm is sig-
nificantly reduced compared with the general CVX toolbox.
Then, in Fig. 4, we can see that the proposed algorithm
(Algorithm 2) to obtain the downlink passive beamform-
ing matrix can converge within five iterations. Finally, the
convergence behavior of the proposed joint active and pas-
sive beamforming algorithm, i.e., Algorithm 3, is shown
in Fig. 5. For all four independent user distributions and
channel realizations, the proposed algorithm can converge in
about ten iterations. In the following sections, all results are
averaged over 100 independent user distributions and chan-
nel realizations to make the results reliable and the curve
smooth.
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Fig. 4. Convergence behavior of the downlink passive beamforming design.

Fig. 5. Convergence behavior of the proposed joint active and passive
beamforming design.

D. Comparison Between Practical and Ideal Phase
Shift Models

In this section, we compare the performance of the achiev-
able uplink sum rate between our considered practical phase
shift model and the ideal phase shift model. In the ideal model,
the reflecting amplitude of each IRS element is assumed to be
1 and only the phase shift is flexibly adjusted. In Fig. 6, the
solid and dashed curves are, respectively, the practical and
ideal phase shift models in different algorithms with the vary-
ing of the number of IRS elements. As expected, by ignoring
the relationship between the reflecting amplitude and the phase
shift, the performance of the ideal phase shift model serves an
upper bound of the practical phase model. Second, with the
increase of the number of IRS elements, the uplink sum rates
of conducted IRS-related algorithms are all growing. This is
because more number of IRS elements provides much more
room for the wireless channel configuration, which can better
reflect the signal to the desired direction. Third, it is worth
pointing out that, the proposed algorithm always outperforms
other algorithms with the same phase shift model, and the
performance gap gradually becomes wide with the increase
of the number of IRS elements. In particular, when the num-
ber of IRS elements is 100, our proposed algorithm with the
practical phase shift model can enlarge the uplink sum rate up
to 50% compared with the scheme without IRS. Fourth, the
performance of the simplified S optimization is even worse
than the scheme without IRS when the number of IRS ele-
ments is lower than 40, and the situation is improved with the
increase of the number of IRS elements. This may because
the benefit brought by the wireless channel configuration

Fig. 6. Achievable uplink sum rate versus the number of IRS elements with
practical and ideal phase shift model.

Fig. 7. Achievable uplink sum rate versus the transmission power of AP.

gradually makes up the performance deterioration resulted by
the interuser interference.

E. Impact of Key System Parameters on the Achievable
Uplink Sum Rate

The effect of key system parameters on the achievable
uplink sum rate with the practical phase shift model is shown
in this section. In Fig. 7, we plot the achievable uplink sum
rates for all algorithms with the transmission power of AP
sweeping from 10 to 35 dBm. It can be seen that the achievable
uplink sum rate is improving with the increase of the transmis-
sion power. More importantly, the proposed joint active and
passive beamforming design algorithm always has superior
rate performance than other algorithms.

Fig. 8 shows the achievable uplink sum rate versus the num-
ber of IoT users for all algorithms. As expected, we can see
that more number of IoT users leads to a higher achievable
uplink sum rate. Furthermore, the appropriate wireless chan-
nel configuration can bring huge advantage compared with the
random phase shift scheme and the scheme without IRS, and
our proposed algorithm always outperforms other algorithms.

The impact of the number of antennas equipped by each
IoT user on the achievable uplink sum rate is plotted in Fig. 9.
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Fig. 8. Achievable uplink sum rate versus the number of users with Pa = 25
dBm.

Fig. 9. Achievable uplink sum rate versus the number of antennas at IoT
users with Pa = 25 dBm.

With the increase of the number of antennas, the performance
of all algorithms is improved, due to the spatial resource
brought by more antennas. Furthermore, our proposed algo-
rithm significantly outperforms other algorithms, especially the
scheme without IRS, and the performance gap becomes wider
with more antennas at IoT users.

In Fig. 10, the impact of IRS’s location on the achievable
uplink sum rate is shown for all algorithms. In the simula-
tion, the horizontal axis of the IRS is changed from 1 to 9 m
and other settings remain the same. As expected, with the
movement of IRS, appropriate wireless channel configuration
can always greatly enlarge the achievable uplink sum rate, and
our proposed algorithm always outperforms other algorithms.
Furthermore, when IRS moves from AP to users, the achiev-
able uplink sum rates of the proposed algorithm and baseline
algorithms 1–3 first decrease and then increase. The best rate
performance is achieved when IRS is deployed closely near
to users. The reason of this observed phenomena can be given
as follows. Since AP is equipped with more number of anten-
nas than each IoT user, the system performance is limited to
IRS–user links compared with the AP–IRS link. When IRS is
closer to AP, the channel quality of the AP–IRS link is good
enough to compensate the weak IRS–user links and thus the

Fig. 10. Achievable uplink sum rate versus the location of the IRS with
Pa = 25 dBm.

Fig. 11. Achievable uplink sum rate versus the number of IRS elements for
different CE errors with Pa = 25 dBm.

sum rate is enlarged at a certain degree. When IRS is closer
to IoT users, the channel quality of both the IRS–user and
AP–IRS links is strong, resulting in a higher sum rate. This
observation provides a significant guideline for the practical
deployment of IRS.

F. Impact of Imperfect CSI on the Achievable
Uplink Sum Rate

In this section, we evaluate the impact of imperfect CSI
on the system performance. The real channel model is
expressed as

H = H̄ +�H (52)

where H̄ and �H are, respectively, the estimated CSI and the
corresponding estimation error. Denote by ζ = ‖�H‖F/‖H̄‖F

the relative amount of CSI uncertainty.
Fig. 11 plots the achievable uplink sum rate versus the num-

ber of IRS elements with different channel uncertainty. For the
imperfect CSI case, the joint active and passive beamform-
ing is first optimized by our proposed algorithm based on the
estimated CSI. Then, the designed beamforming is applied in
the real channel to obtain the achievable uplink sum rate. As
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expected, the CE error results in the system performance loss.
Furthermore, with the increase of the number of IRS elements,
the channel mismatch becomes severe and the performance
gap between the perfect and imperfect CSI gradually broaden.

V. CONCLUSION

In this article, we have investigated an IRS-aided WPCN
with a multiuser MIMO setup and the practical phase shift
model, where the harvest-then-transmit protocol is adopted.
To maximize the uplink sum rate, AP and IoT users’ active
beamforming, IRS’s passive beamforming in the downlink
and uplink, and the time allocation ratio have been jointly
designed. These optimization variables have been divided into
three blocks, i.e., the active beamforming, the downlink pas-
sive beamforming, and the uplink passive beamforming, and
alternatively optimized. Numerical results have shown that the
IRS with proper wireless channel configurations can signifi-
cantly enlarge the uplink sum rate compared with the random
phase shift scheme and the conventional scheme without IRS.
To a certain degree, the performance gain is achieved on the
basis of the CE of IRS-related links. More accurate CE usu-
ally consumes more pilot resources. In the future, we will
jointly investigate the CE method and the active and passive
beamforming design with practical phase shift to character-
ize a better tradeoff between the pilot resource cost and the
network performance gain.

APPENDIX

As Mk is a symmetric positive-definite matrix, its eigenvalue
decomposition is given as Mk = Qk�kQH

k , where Qk is a
unitary matrix and �k is a diagonal matrix. Define Ḡuk =
�

−(1/2)
k QH

k Guk, we have

log2

(

det

(

Mk + 1

σ 2
a τ

Gu,kS̃kGH
u,k

))

= log2

(

det

(

I + 1

σ 2
a τ

Ḡu,kS̃kḠ
H
u,k

))

+ log2(det(Mk)).

(53)

Decompose Ḡuk = Ūk�̄kV̄
H
k via SVD and define Pk =

V̄
H
k S̃kV̄k. Since Tr(Pk) = Tr(S̃k), problem P6 is equivalently

recast as

max
Pk

log2

(

det

(

I + 1

σ 2
a τ

�̄kPk�̄
H
k

))

− βkTr(Pk) (54a)

s.t. Pk � 0. (54b)

By applying Hadamard’s inequality [38], we have

det

(

I + 1

σ 2
a τ

�̄kPk�̄
H
k

)

≤
Nk∏

n=1

(

1 + λ̄2
k,npk,n

σ 2
a τ

)

(55)

where λ̄k,n is nth diagonal element of �̄k. The equality holds
when �̄kPk�̄

H
k is diagonal, which means the optimal Pk is

diagonal, i.e., Pk = diag{pk,1, . . . , pk,n, . . . , pk,Nk }.
Then, with the diagonal Pk, problem (54) is reformulated as

max
Pk

Nk∑

n=1

log2

(

1 + 1

σ 2
a τ
λ̄2

k,npk,n

)

−
Nk∑

n=1

βkpk,n (56a)

s.t. pk,n ≥ 0 ∀n (56b)

whose optimal solution is pk,n = [(1/βk ln 2)− (σ 2
a τ/λ̄

2
k,n)]

+,
obtained via the water-filling algorithm. Therefore, we have
S̃k = V̄kPkV̄

H
k . This completes the proof.
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